Very accurate variational nonrelativistic finite-nuclear-mass calculations employing all-electron explicitly correlated Gaussian basis functions are carried out for six Rydberg 2 D states (1s 2 nd, n = 6, . . . , 11) of the 7 Li and 6 Li isotopes. The exponential parameters of the Gaussian functions are optimized using the variational method with the aid of the analytical energy gradient determined with respect to these parameters. The experimental results for the lower states (n = 3, . . . , 6) and the calculated results for the higher states (n = 7, . . . , 11) fitted with quantum-defect-like formulas are used to predict the energies of 2 D 1s 2 nd states for 7 Li and 6 Li with n up to 30. © 2013 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Atoms in highly excited Rydberg states are formed in the interstellar medium due to the interaction with ultraviolet and X-rays radiations from various space objects. 1, 2 They are also formed due to interaction with high energy particles in shock waves resulting from supernova explosions and interstellar clouds collisions. 3 Thus, astronomers have observed infrared radiation originating from transitions between excited states of Rydberg atoms (RA) (hydrogen, helium, lithium) with the principal quantum numbers varying in a large range of values. Based on the infrared radiation, one can estimate the population of states of the Rydberg atoms in stellar atmospheres, atmospheres of cooling stars (dwarfs), planetary nebulas, and clouds of interstellar gas. In the laboratory methods for investigating RA became widely established in the 1980s. 4 These methods not only allowed increasing the effectiveness of classical single-photon light excitation but also made it possible to use two-photon excitations in RA studies. There has also been considerable interest in the processes of collisional ionization of highly excited atoms due to its practical use in laser atom cooling, Bose-Einstein condensation, controlling excitation processes of single atoms, creating quantum computer logical units, quantum teleportation, etc. Naturally occurring lithium is composed of two stable isotopes, 6 Li and 7 Li, with the latter being by far the more abundant one: about 92.5% of the atoms. 6 Li and 7 Li are two of the primordial nuclides that were produced in the Big Bang. A small percentage of 6 Li is also known to produced by nuclear reactions in certain stars. 5 The NIST atomic spectra database 6 lists four series of Rydberg states of the 7 Li isotope corresponding the following electronic configurations: 1s 2 Recently, we presented a set of high accuracy calculations performed for the lowest nine 2 D of the 7 Li atom where the relative nonrelativistic energies of the lower states were converged with the accuracy better than 0.01 cm −1 . 8, 9 In the calculations we employed all-electron explicitly correlated Gaussian functions and optimized their exponential parameters with a variational approach that employs the analytical energy gradient determined with respect to those parameters. In this work, we have significantly increased the accuracy of the calculations of the upper six of the previously calculated nine 2 D states of 7 Li by adding more basis functions to the basis set for each state. For example, the basis set for the ninth state (1s 2 11d) now consists of 11 000 Gaussians, up by 4000 from the previously used 7000. 9 The accuracy achieved in the calculation is now sufficient to extrapolate the energies of the Rydberg 2 D 1s 2 nd states of both 6 Li and 7 Li up to n = 30. In generating the predictions, we use the quantum-defect and other simple related formulas.
Technical details of the algorithms for calculating the energy and the energy gradient used in Refs. 8, 9, and 12, as well as in the present calculations, were presented in our previous works. 10, 11 These algorithms were derived using the nonrelativistic Hamiltonian obtained by explicitly and rigorously 
where N is the number of electrons, r i is the distance between the ith electron and the nucleus, m 0 is the nucleus mass (12 786 .3933m e for 7 Li and 10 961.898m e for 6 Li, where m e = 1 is the electron mass), q 0 is its charge, q i are electron charges, μ i = m 0 m i /(m 0 + m i ) are electron reduced masses, and prime indicates the matrix/vector transpose.
AsĤ int is explicitly dependent on the mass of the nucleus, it allows for direct calculation of energy levels of a particular isotope without resorting to accounting for the effect due to the finite-mass of the nucleus using the perturbation approach. Such perturbation approach is used in conventional calculations after the initial nonrelativistic calculations are done with the mass of the nucleus set to infinity. The finitenuclear-mass (FNM) calculation in this work are performed for the 6 Li and 7 Li isotopes. Infinite-nuclear-mass (INM) calculations are also done by setting the mass of the nucleus in (1) to infinity.
II. BASIS SET AND ITS OPTIMIZATION
The following explicitly correlated Gaussians (ECG) are used in this work to describe the 2 D 1s 2 nd Rydberg states of the Li atom, 8, 9, 12 (2) where electron labels i k and j k are either equal or not equal to each other and can vary from 1 to n. A k in (2) is an n × n symmetric matrix, ⊗ is the Kronecker product, I 3 is a 3 × 3 identity matrix, and r is a 3n vector of the electron coordinates.
The square-integrability of the Gaussians (2) is enforced by representing the A k matrix in the following Cholesky-factored form:
where L k is a lower triangular matrix with matrix elements ranging from ∞ to −∞. In such a form A k is automatically positive definite and the Gaussian is square integrable. The elements of the L k matrices are the parameters which are optimized in the variational energy minimization. It is important that this minimization can be carried out without any constraints.
The Pauli principle requires that the total wave function of the system be antisymmetric with respect to permutations of fermions. In our calculations, we have employed the spinfree formalism that allows to simplify the treatment of the permutational symmetry and deal with just the spatial part of the wave function. In this formalism, one constructs an appropriate symmetry projector acting on the spatial part of the wave function. The construction of the projector can be done using the standard procedure involving Young operators as described, for example, in Ref. 13 . For doublet states of lithium, the Young operator can be chosen as:Ŷ = (1 +P 34 )(1 −P 23 ), where the electrons are labeled as 2, 3, and 4 (the nucleus is labeled as 1),1 is the identity operator, andP ij is the permutation of the ith and jth electron labels. As the internal Hamiltonian (1) is fully symmetric with respect to all electron permutations, in the calculation of the overlap and Hamiltonian matrix elements,Ŷ may be applied to the ket basis functions only (asŶ †Ŷ ). The basis set for each of the states considered in this work has been generated and optimized separately. The optimization involves minimization of the variational energy functional in terms of the L k parameters and the i k and j k indices of the Gaussians. The basis-set growing process starts with a small number of ECGs and involves incremental additions of more functions, optimizing their L k parameters and the i k and j k indices, and then reoptimizing the parameters of all ECGs in the basis set. As mentioned, the analytical gradient is employed in the minimization. A more detailed description of the procedure can be found in our previous works. 8, 9, 12 The basis set optimization has been only carried out for the states of the main 7 Li isotope. In the 6 Li and ∞ Li calculations, we only readjusted the linear coefficients of the ECG wave-function expansion (through the diagonalization of the Hamiltonian/overlap matrix).
Significant computational effort has been invested in increasing and reoptimizing the basis sets for states with n = 7, . . . , 11 in comparison with our previous works 8, 9 where the maximal number of ECGs used was 7000. For example, for the n = 11 state the basis set was increased to as many as 11 000 functions. The new improved energies for the n = 7, . . . , 11 states are shown in Table II . We only show the results obtained with larger basis sets than those used in our previous calculations. 8, 9 As one can see, for all six states the energies are noticeably lower that those calculated before. Particularly improved is the energy of the highest n = 11 state. The energies for 6 Li and ∞ Li computed with the largest basis set generated for a particular state are also shown in Table II .
The results from Table II are used to generate the relative energies of the n = 7, . . . , 11 states of 7 Li determined with respect to the ground 2 S 1s 2 2s state. They are presented in Table III . The convergence of these relative energies with the number of the basis functions are shown. As one can see, for all considered states, except for the last n = 11 one, the energies are converged to better than 0.01 cm −1 . The results for 6 Li and ∞ Li are also shown in Table III . In our previous work, 9 it was shown that the difference between the calculated nonrelativistic energies of the 2 D 1s 2 nd n = 3, . . . , 7 states of 7 Li and the experimental values 6 converges to a constant equal to −2.58 cm −1 . This happens because the dominant (by far the largest) contribution to the calculated/experimental energy difference comes from relativistic and quantum-electrodynamic (QED) effects of the lithium core electrons, which become virtually constant as the Rydberg d-electron gets increasingly more excited and diffuse. The difference of −2.58 cm −1 , as one can expect, is very close to the difference between the calculated ionization energy (IE) and the experimental IE of 7 Li of −2.55 cm −1 . These two values can be viewed as corresponding to the 2 D 1s 2 nd state with n = ∞. Based on the constant calculated/experimental energy difference we proposed a refinement procedure for the energies of the states which are measured less precisely in experiment. 9 The procedure, which simply involves adding −2.58 cm −1 to the best nonrelativistic energy value, was applied to refine the energies of the 2 D 2 nd 7 Li states with n = 7, . . . , 11. The more accurately calculated energies of these states in the present work allow for even more precise refinement. The new, more refined energies for the n = 7, . . . , 11 states and the experimental energies for the n = 3, . . . , 6 states are now used to predict the energies of states with n = 12, . . . , 30. In the extrapolation procedure we use the quantum-defect expression for the energy, as well as two other simple functional forms of the extrapolant. The procedure is described in Sec. III.
III. THE QUANTUM-DEFECT EXTRAPOLATION PROCEDURE
The quantum-defect effect on the energies of Rydberg states of an atom refers to a correction applied to the equation expressing the energies in terms of the principle quantum number to take into account the fact that the inner (core) electrons do not entirely screen the charge of the nucleus in the interaction of the nucleus with the Rydberg electron.
14 The quantum-defect effect is a particularly useful concept in conjunction with highly excited states of the alkalis that contain a single electron in their outer shell. For multi-electron atoms in Rydberg states with a low value of the orbital angular momentum, there is a high probability of finding the excited electron near the nucleus where it can polarize or even penetrate the ion core, modifying the potential. The resulting shift of the energy levels expressed in the atomic units is represented mathematically as an angular-momentum dependent quantum defect, δ l ,
The largest shift occurs when the orbital angular momentum is equal to zero and decreases when l increases.
In the present work, we employ three quantum-defectlike extrapolation formulas (called Models 1-3). They express relative energies of 2 D 1s 2 nd states of 7 Li with respect of the ground 1s 2 2s state as a function of n. The use of three different functional forms allows to assess (at least roughly) the accuracy of the extrapolation. The energy is determined as a difference of the excitation limit, which is equal to the ground state energy of 7 Li + , minus the quantum-defect-like term. The three models differ in the form of this last term with Model 1 being equivalent to (3), and Models 2 and 3 including some additional n-dependent higher order correction terms. The general formulas for the three models are:
and
where a 1 , b 1 , c 1 , a 2 , b 2 , etc., are adjustable parameters. The parameters are determined by fitting the energies of n = 3, . . . , 11 states of 7 Li. The first four (n = 3, . . . , 6) energies were the experimental values taken from Ref. 6 (as each line is a doublet, an average of the two line frequencies is used), while the next five (n = 7, . . . , 11) are obtained from the refinement procedure described above. The n = ∞ limit is the experimental energy of 7 Li + (n = ∞; IE = 43487.15 cm −1 . The fitting resulted in the following E(n) expressions for the three models (in cm 
and Model 3 :
− 109 801 (n − 0.000 695 785 + 2.405 66 × 10 −5 n 2 ) 2 .
Next, expressions (7)- (9) have been used to determine the energies of the 2 D 1s 2 nd Rydberg series for n = 1, . . . , 30. The results are shown in Table IV .
Next, the approach used for 7 Li is applied to predict Rydberg energies for the 2 D 1s 2 nd states of 6 Li. Even though the experimental energy levels of 6 Li were measured for the lowest four 2 D states (see Table I ), we do not use them in the extrapolation. As the calculations performed in this work render nonrelativistic energies of the 6 Li isotope (shown in Table III ), these energies can be used to determine the isotope shifts of these energies with respect to the energies of 7 Li. These shifts are also shown in Table III . The shift values should provide very good estimates for the experimental shifts because the missing contributions from the differences in the relativistic corrections (the so-called recoil corrections) and QED corrections between 6 Li and 7 Li can be expected to be very small. Thus, by adding the nonrelativistic isotope shifts to the best energy values of the 7 Li (i.e., the first four experimental, and the next five plus the 6 Li + energy of 43 486.55 cm −1 obtained from the refinement procedure) one can obtain very good estimates of the energy levels for 6 Li. These estimates are used in conjunction with Eqs. (4)-(6) to obtain parameters for Models 1-3, which, in turn, are used to predict the energy levels of the 6 Li 2 D1s 2 nd Rydberg series for n = 12, . . . , 30. This has been done and the following extrapolants have been generated: 
TABLE IV. The energies (in cm −1 ) of the Rydberg 1s 2 nd, n = 3, . . . , 30, states for 6 Li and 7 Li obtained from the three quantum-defect-like formulas (Models 1-3) discussed in the text. The energies are relative to the 2 S 1s 2 2s ground states of the respective isotopes. The "fitted data" are the points used to obtained the quantum-defect extrapolation formulas (see text). For 7 Li the first four (n = 3, . . . , 6) energies of the fitted data are the experimental energies and the next five (n = 7, . . . , 11) are energies obtained by adding 2.58 cm −1 to the nonrelativistic energies from in Table III The energies of the 6 Li energy levels obtained using (10)-(12) are given in Table IV . Naturally, the model with the largest number of free parameters (Model 2) provides the best fit to the original data (energies of the n = 3, . . . , 11 states) in Table IV . The discrepancy between the energies of n = 12, . . . , 30 states predicted with the different models does not exceed 0. . This seems to indicate that the accuracy of the present prediction is of the order of 0.1-0.2 cm −1 . We believe that such accuracy is sufficient for the present predictions to be useful in guiding the experimental measurements of yet unmeasured 2 D energy levels of 6 Li and 7 Li.
IV. SUMMARY
An approach which combines high-accuracy quantum mechanical calculations, the experimental data, and the quantum-defect extrapolation formulas has been employed to predict the energies of 2 D 1s 2 nd Rydberg states of the 6 Li and 7 Li isotops. The calculations have been performed with all-electron explicitly correlated Gaussian functions, whose nonlinear parameters have been extensively optimized using a method involving analytically calculated energy gradient. The predictions concern the states with n = 12, . . . , 30. The predicted energy values can guide experimental measurements of these quantities.
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